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Abstract In this contribution to Light Cone 2014, three average transverse momentum quantities
are discussed: the Sivers shift, the dijet imbalance, and the pT broadening. The definitions of these
quantities involve integrals over all transverse momenta that are overly sensitive to the region of large
transverse momenta, which conveys little information about the transverse momentum distributions of
quarks and gluons inside hadrons. TMD factorization naturally suggests alternative definitions of such
integrated quantities, using Bessel-weighting and rapidity cut-offs, with the conventional definitions
as limiting cases. The regularized quantities are given in terms of integrals over the TMDs of interest
that are well-defined and moreover have the advantage of being amenable to lattice evaluations.
Keywords Transverse momentum · quarks · gluons · Wilson lines
1 Introduction
Many measurements of processes sensitive to the transverse momentum of partons have been per-
formed. For example, semi-inclusive DIS (SIDIS), e p → e′hX , has been studied as a function of
the transverse momentum P h⊥ of the final state hadron h with respect to the γ
∗p axis. In a tree
level analysis one can relate this observed transverse momentum to the “intrinsic” partonic transverse
momentum, but higher order corrections will modify this relation. The transverse momentum distri-
bution can have a correlation with the spin ST of the initial proton and with the spin of the quark,
the so-called Sivers [1] and Boer-Mulders [2] effects. They lead to transverse momentum dependent
azimuthal modulations of cross sections. Such azimuthal asymmetries are most naturally described in
terms of transverse momentum dependent parton distribution functions (TMDs). Average transverse
momentum quantities, such as 〈kT × ST 〉 (related to the Sivers shift) and 〈k2T 〉, can be used to quan-
tify the width of the various transverse momentum distributions. Considering such average quantities
within the TMD framework has its complications, however, such as possible divergences and process
dependence. It has become clear since 2002 that TMDs in general need not be universal, due to gluon
rescattering effects [3; 4; 5]. Summation of all gluon insertions leads to path-ordered exponentials in
the TMD correlators [6]. The resulting Wilson lines depend on whether the color is incoming or out-
going [7; 8; 4; 9; 5; 10]. Although this does not automatically imply that this will affect observables, it
turns out that it does in certain cases, for example, in Sivers effect asymmetries. The gauge invariant
definition of the Sivers TMD (f⊥1T ) is given by a Fourier transform (F.T.) of a hadronic matrix element
of a nonlocal operator,
P ·(kT × ST ) f⊥[C]1T (x,k2T ) ∝ F.T. 〈P, ST |ψ¯(0)LC[0,ξ] γ+ ψ(ξ)|P, ST 〉
∣∣
ξ=(ξ−,0+,ξT )
, (1)
D. Boer
Van Swinderen Institute, University of Groningen
Nijenborgh 4, NL-9747 AG Groningen, The Netherlands
E-mail: d.boer@rug.nl
2which contains a gauge link, which is a Wilson line along a path C from 0 to ξ:
LC [0, ξ] = P exp
(
−ig
∫
C[0,ξ]
dsµA
µ(s)
)
. (2)
In semi-inclusive DIS it has a future pointing staple-like Wilson line arising from final state interactions
(FSI), whereas in Drell-Yan (DY) it is past pointing from initial state interactions (ISI). One can use
parity and time reversal invariance to relate the Sivers functions of SIDIS and DY, yielding the overall
sign relation: f
⊥[SIDIS]
1T = −f⊥[DY]1T [4]. Experimental studies to test this relation are ongoing at CERN
(COMPASS) & Fermilab (SeaQuest), and are considered at several other places, e.g. NICA at JINR
and J-PARC.This is not just a test of this relation, but of the TMD formalism as a whole.
Gauge links track the color flow in a process. The more hadrons are observed in a process, the
more complicated the end result, yielding more complicated Nc-dependent pre-factors [11; 12; 13]. Too
many color flow directions can even lead to factorization breaking [14; 15].
All this is not just a peculiarity of polarized protons, it also affects scattering of unpolarized hadrons.
For example, it affects the muon pair angular distribution in the DY process through the double Boer-
Mulders effect [16; 17; 13] and also the transverse momentum distribution in Higgs production at the
LHC [18; 19] through the linear polarization of gluons inside unpolarized protons [20].
QCD corrections will also attach to the Wilson line, which as a consequence needs renormalization.
The Wilson lines are not smooth and involve the so-called cusp anomalous dimension [21; 22; 23]. As
a regularization, in TMD factorization the path can be taken off the lightfront, specified by a rapidity
cut-off parameter ζ. In short, the TMDs are not just functions f(x, k2T ) of the momentum fraction x and
the transverse momentum kT , but rather f
[U ](x, k2T ;µ, ζ), where µ denotes the renormalization scale
and U the Wilson line. These complications turn out to be also advantageous. First of all, the change
with µ and ζ yields the energy evolution of TMD observables (for the Sivers asymmetries this appears
to work [24; 25; 26], but needs to be tested over a larger energy range). It shows that the TMDs and
the corresponding asymmetries generally become broader and smaller with increasing energy. At high
scales they develop power law tails [27], which matter much in integrals over all transverse momenta,
as will be discussed. Another advantage is that finite ζ allows for the calculation of the Sivers effect
on the lattice (quite unexpectedly).
2 Transverse momentum weighting
The extraction of TMDs is complicated because TMDs appear in convolution expressions that appear
in different ways in different processes. Integration weighted with powers of the observed transverse
momentum Ph⊥ was suggested as a solution, as it projects out “portable” functions [28; 2]. In this way
weighted asymmetries become expressions in terms of transverse moments of TMDs:
f (n)(x) ≡
∫
d2kT
(
k
2
T
2M2
)n
f(x,k2T ) (3)
Such transverse moments appear in different processes in exactly the same form (except possibly for
a calculable Nc-dependent prefactor). The n = 1 moment of the Sivers function appears in the Sivers
shift, which is the average transverse momentum shift orthogonal to a given transverse polarization [33]:
〈kyT (x)〉TU =
∫
d2kT k
y
T Tr [Φ(x,kT ;P, S;µ, ζ)γ
+]∫
d2kT Tr [Φ(x,kT ;P, S;µ, ζ)γ+]
∣∣∣∣
S±=0=Sy
T
, Sx
T
=1
= M
f
⊥(1)
1T (x;µ, ζ)
f
(0)
1 (x;µ, ζ)
. (4)
First a comment on the function f
(0)
1 (x;µ, ζ) in the denominator. Because of the rapidity parameter
ζ, the integral over all transverse momenta need not yield the collinear function f1(x;µ) exactly [29],∫
dkT f1(x,kT ;µ, ζ)
?
= f1(x;µ), similar to the old question whether f1(x;Q)
?
=
∫
|kT |<Q
d2kT f1(x, k
2
T ).
Instead of such relations where the TMD determines the collinear function, it is rather the collinear
function that determines the large transverse momentum part of the TMD, the perturbative tail:
f1(x,k
2
T )
k
2
T≫M
2
∼ αs 1
k
2
T
(K ⊗ f1) (x). (5)
3The transverse momentum integration of this expression diverges if not suitably cut off. Similarly,
without bothering about scale dependences, the n = 1 moment of the Sivers function is related [10] to
the collinear twist-3 Qiu-Sterman function T (x, ST ) [30]:
f
⊥(1)[±]
1T (x) ≡
∫
d2kT
k
2
T
2M2
f
⊥[±]
1T (x,k
2
T ) = ∓
T (x, ST )
2M
, (6)
where in A+ = 0 gauge
T (x, ST ) = i
gM
P+
∫
dλ
2π
eiλx〈P, S|ψ(0)Γα
∫
dη F+α(ηn−) ψ(λn−) |P, S〉 (7)
with Γα ≡ ǫTβαSβT 6n−/(2iMP+). Again due to the ζ dependence this relation between Sivers and
Qiu-Sterman functions is not well-determined. Again conversely it is the perturbative tail of the Sivers
function that is determined by the Qiu-Sterman function [31; 32]
f⊥1T (x,k
2
T )
k
2
T≫M
2
∼ αs M
2
k
4
T
(K ′ ⊗ TF ) (x). (8)
Integrating over this perturbative tail without cut-off or regulator will yield a divergent result for the
first tranverse moment of the Sivers function.
Conventional weighting with powers of transverse momentum assumes that 1) the integrals converge
or are suitably regulated somehow, and 2) taking integrals over only TMD expressions (which are
only valid for QT = |P h⊥|/zh ≪ Q) is fine. To by-pass these tricky issues, both connected with
the perturbative tails, one can consider instead a modified weighting: Bessel weighting [33], where
instead of |Ph⊥|n one uses Jn(|Ph⊥|BT )n! (2/BT )n. If BT is not too small, the contribution from the
perturbative tail at high transverse momentum will be suppressed and the TMD region (QT ≪ Q)
should dominate. In the limit BT → 0, when conventional weighting is retrieved, the perturbative
tails become very important and divergences may arise. Application of the Bessel-weighting method to
asymmetries is discussed in detail in [34]. Bessel-weighted asymmetries involve generalized transverse
moments, called Bessel moments for short:
f˜ (n)(x, b2T ) =
2π n!
(M2)n
∫
d|kT ||kT |
( |kT |
|bT |
)n
Jn(|bT ||kT |) f(x,k2T ). (9)
The idea is that the convolution in terms of TMDs is best de-convoluted by Fourier transform, in which
derivatives of TMDs appear naturally, e.g. for unpolarized hadrons:
Φ(x,kT ) =
M
2
{
f1(x,k
2
T )
6P
M
+ h⊥1 (x,k
2
T )
i 6kT 6P
M2
}
F.T.−→ Φ˜(x, bT ) = M
2
{
f˜1(x, b
2
T )
6P
M
+
(
∂
∂b2T
h˜⊥1 (x, b
2
T )
)
2 6bT 6P
M2
}
. (10)
The conventional transverse moments can be viewed as limits of derivatives of TMDs:
f˜ (n)(x, b2T ) = n!
(
− 2
M2
∂
b
2
T
)n
f˜(x, b2T )
b
2
T→0−→ f (n)(x) (11)
In other words, such derivatives of TMDs are the generalized transverse moments, the Bessel moments,
appearing in Bessel-weighted asymmetries.
An additional advantage is that nonzero bT ≡ |bT | (and finite ζ) allows for calculation of TMDs on
the lattice. The Bessel-weighted analogue of the Sivers shift is [33]:
〈kyT (x)〉bTTU =
∫
d|kT | |kT |
∫
dφp
2J1(|kT ||bT |)
|bT |
sin(φp − φS)Tr [Φ(x,kT ;P, S;µ, ζ)γ+]∫
d|kT | |kT |
∫
dφpJ0(|kT ||bT |))Tr [Φ(x,kT ;P, S;µ, ζ)γ+]
∣∣∣∣∣∣∣
S±=0=Sy
T
, Sx
T
=1
= M
f˜
⊥(1)
1T (x, b
2
T ;µ, ζ)
f˜
(0)
1 (x, b
2
T ;µ, ζ)
. (12)
4For nonzero bT this involves well-defined (finite) quantities, with Wilson lines that are off the lightcone
(spacelike) for finite ζ. After taking Mellin moment, one has a well-defined quantity of n and bT that
can be and has been evaluated on the lattice [35]. Although smaller pion masses and larger ζ should
be considered, this lattice study constitutes the first ‘first-principles’ demonstration within QCD that
the Sivers and Boer-Mulders functions are nonzero. Moreover, it corroborates the overall sign relation
between SIDIS and DY gauge links (as it should) and is consistent with the up Sivers function in SIDIS
being negative and the down Sivers function positive, as obtained in models and fits to data.
As ζ is taken larger the Wilson lines are approaching the lightfront. In case of the nucleon one
should consider
ζˆ =
ζ
2mN
=
v · P√
|v 2|
√
P 2
= sinh(yP − yv)≫ ΛQCD
2mN
≈ 0.1 (13)
To avoid large logs, optimal Collins-Soper parameter ζ = O(Q)≫ mN . Recent studies of the pion Boer-
Mulders shift have a much improved determination of the ζ dependence, which shows that for larger
values it approaches a constant rather quickly [36]. This is very promising for a stable determination
of the large ζ Boer-Mulders and Sivers shifts. The other limit of interest, i.e. bT → 0, also appears to
approach a constant fast for larger ζˆ values. The limit bT → 0 of the Sivers shift can tell us something
about the Qiu-Sterman function:
lim
bT→0
f˜
(1)[+]
1T (x, b
2
T ;µ, ζ)
?
= −T (x, ST ;µ)
2M
, (14)
where the ‘?’ is included because of the ζ dependence of the r.h.s., just like for:
lim
bT→0
f˜
(0)
1 (x, b
2
T ;µ, ζ)
?
= f1(x;µ). (15)
Strictly speaking, such an identification is only meaningful when viewed as part of the full cross section
expression in which the ζ dependence cancels, but if the limits of bT → 0 and large ζ become constant,
the limit of the Bessel moment may be unambiguous. It is a very interesting limit to consider, since
the Qiu-Sterman function itself is intrinsically non-local along the lightcone (involving
∫
dη− F+α(η−))
and cannot be evaluated on the lattice.
3 Average transverse momentum
The dijet imbalance in hadron-hadron collisions is used to extract the average partonic transverse
momentum. Dijets, and also dimuons and diphotons, have the advantage that there is no contribution
from the fragmentation process. The observed transverse momentum QT of a pair of jets will generally
be different from that of a pair of muons or photons [37] because of the different partonic scattering
contributions: 〈Q2T 〉pair/2 = 〈k2T 〉intrinsic+ 〈k2T 〉soft+ 〈k2T 〉NLO. Dimuons/diphotons are mainly sensitive
to 〈k2T 〉 of the quarks, whereas dijets also probe the intrinsic transverse momentum of gluons. In
addition, they are affected differently by spin correlation effects that are in principle also present
[38; 39]. For the idealized case of equal jet transverse momenta (both equal to ET /2) the differential
cross section of dijet production takes the form [38]
dσ
dET dδφ
= A(Q2t ) +B(Q
2
t )Q
2
t + C(Q
2
t )Q
4
t , (16)
where Qt = ET | sin(δφ/2)|. Here B comes from the double Boer-Mulders effect for quarks [16; 17; 40]
and C from the gluon analogue. The latter contribution is absent for dimuons or diphotons. Due to the
presence of both ISI and FSI, the dijet expressions may not factorize though [15], which complicates
or may even prevent the extraction of 〈k2T 〉 from the dijet imbalance in hadron-hadron collisions.
The average Q2T can be measured, but how is the 〈k2T 〉 defined here? Higher transverse moments
of f1, starting with 〈k2T 〉 = 2M2f (1)1 , generally diverge due to the power law tail. The average kT can
be defined by a Gaussian fit to the low kT part of the distribution as done in [27], but as the energy
increases this becomes less accurate and less relevant. We propose a definition using Bessel weighting
instead:
〈k2T 〉
2M2
= f
(1)
1 (x)→ f˜ (1)1 (x, b2T ) =
2π
M2
∫
d|kT | |kT |
2
|bT | J1(|bT ||kT |) f1(x,k
2
T ). (17)
5With respect to cutting off the perturbative tail any regularization will do, but Bessel weighting is
natural from the perspective of deconvoluting TMD expressions. It suggests and allows a lattice study
of the gauge link dependence of f˜
(1)[U ]
1 (x, b
2
T ). It can be shown that U = + (SIDIS) and U = − (DY) are
the same now, requiring consideration of TMD-factorizing processes with more complicated links [12].
The difference of the average p2T in scattering off a nucleus A and a proton p is called the “pT
broadening” ∆p2T ≡ 〈p2T 〉A−〈p2T 〉p, where pT denotes the observed transverse momentum. It quantifies
the broadening of the pT spectrum that one expects from multiple scattering that becomes more
frequent with increasing A. Relating the observable broadening to the analogous quantity at the quark
level, ∆k2T , leads to a difference of two in principle divergent quantities, due to the perturbative tail
∝ 1/k2T . Although that difference will be finite, it converges very slowly to the true value as function of
a cut-off on kT . Here it is suggested to consider Bessel-weighted TMDs which are finite by themselves,
such that their difference approaches ∆k2T in the small bT limit:
f˜
(1)q/A[U ]
1 (x, b
2
T )− f˜ (1)q/p[U ]1 (x, b2T )
b
2
T→0−→ ∆k2T [U ] ≡ 〈k2T 〉[U ]A − 〈k2T 〉[U ]p . (18)
The limit of bT → 0 converges very slowly for a perturbative tail 1/k2T , like for any other cut-off on this
tail. In contrast, the observed pT distribution falls off much faster than 1/p
2
T and will not have this
problem. Using the Bessel moments, a well-defined ratio can also be formed, but as bT gets smaller the
interesting information about the A versus p difference will be quickly lost, reaching (∞+∆)/∞ = 1:
R∆ ≡ f˜
(1)q/A
1 (x, b
2
T )
f˜
(1)q/p
1 (x, b
2
T )
b
2
T→0−→ 1. (19)
The quark broadening ∆k2T in principle depends on the gauge link U , possibly leading to non-universal
nuclear effects. Experimental study of such effects will be hard, as the pT broadening in different
processes is different anyway, like in the collinear twist-4 treatment [41], because of the different
partonic subprocesses. It will be hard to disentangle that from the additional process dependence from
ISI and/or FSI. The Bessel-weighting version of ∆k2T would allow a lattice study of the possible link
dependence of the quark broadening, if one can create reliable nuclear states on the lattice (cf. e.g. [42]).
4 Conclusions
Bessel-weighted expressions are well-defined and emphasize the TMD region, as opposed to con-
ventional average transverse momentum quantities. Bessel-weighted TMDs, including the process-
dependent Sivers function, are calculable on the lattice for finite bT and ζ. The limit bT → 0 should
be taken with care, because divergences and operator mixing typically arise, but in case it is a stable
limit, the lattice result can even tell us about the size and shape of the Qiu-Sterman function.
Extraction of the average partonic transverse momentum from experimental observables is generally
very complicated due to spin correlation effects and multiple sources of process dependence. As a result,
the commonly used observable like the dijet imbalance may actually not allow for extraction of the
average partonic transverse momentum, as opposed to for instance the dimuon and diphoton imbalance.
The average transverse momentum and its broadening with atomic number A for nuclei can also be
redefined in a well-defined manner by considering Bessel weighting, allowing them to be studied on the
lattice. The possible relation between the process and A dependence of f1 can be studied in this way,
as the average transverse momentum and its A dependence need not be universal.
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